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sional situations based on nonconservative fluxes preserving the steady-state solutions.
We derive a second-order scheme using a splitting of the porosity function into a discon-
tinuous and a regular part where the regular part is treated as a source term while the dis-
continuous part is treated with the nonconservative fluxes. We then present a classification

Iéz{;os?:t:em of all the configurations for the Riemann problem solutions. In particularly, we carefully
Nonconservative study the resonant situations when two eigenvalues are superposed. Based on the classifi-
Hyperbolic cation, we deal with the inverse Riemann problem and present algorithms to compute the
Finite volumes exact solutions. We finally propose new Sod problems to test the schemes for the resonant
Rusanov situations where numerical simulations are performed to compare with the theoretical
MUSCL solutions. The schemes accuracy (first- and second-order) is evaluated comparing with a
Resonant nontrivial steady-state solution with the numerical approximation and convergence curves
Riemann problem are established.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Compressible fluid flows in porous media arise in many natural phenomena, for example the dust gas in volcanic eruption
[26]. In industrial processes, porous media are also widely used for filtration or protection purposes. For example, grids
(assimilated as a porous media) are employed to reduce gas velocity and absorb energy during an explosion in electrical
switchgears consecutive to an electrical accident [29]. Based on the space-average methods using the representative elemen-
tary volume concept [4], the mathematical modelling derives from the Euler equations homogenization where a new force
Pd,¢ appears to take the porosity variation into account leading to a so-called nonconservative problem. The homogenizated
Euler system is completed with the trivial equation d;¢ = 0 to provide an augmented nonconservative hyperbolic problem of
the form

AU + 8,F(U) = G(U)dyxo, (1)

where U stands for the conservative variable vector, F(U) is the conservative flux and G(U)d,¢ represents the nonconserva-
tive contribution due to the ¢ parameter derivative.

Other problems with nonconservative terms cast in this general system as multiphase and multifluid flow problems [31]
where the phase fraction o replaces the porosity, compressible gas flow in duct [3] where the variational cross section
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identifies to the porosity and the shallow-water problem [36] where the variational bed elevation and breadth is similar to
the porosity.

It is well-known that the nonconservative term induced by the porosity variation leads to mathematical and numerical
difficulties. On one hand, the nonconservative term gives rise to the product of a distribution with a discontinuous function
in presence of shocks and the classical Rankine-Hugoniot condition does not hold any longer. On the other hand, the non-
conservative term is responsible of specifics steady-state situations which have to be preserved by the numerical scheme
leading to the so-called well-balanced property. An other difficulty is linked to the relative positions of the eigenvalues since
the problem is not strictly hyperbolic. In particular, the eigenvalue deriving from the nonconservative term can be super-
posed with the eigenvalues of the Euler system leading to the resonant situation. It results a complex composition of shocks
inside the interface defined by the characteristic field curves corresponding to the two superposed eigenvalues.

Dal Maso et al. [10] introduce a general framework to define the nonconservative product A(U)d,U for any variation
bounded function U = U(x) where A(U) is a n x n matrix, continuous with respect to U. Such a product is obtained using
a path function y = y(s,U",U") defined in the phase space linking any admissible state U~ to any admissible state U™
and the Rankine-Hugoniot condition at a shock of velocity ¢ writes (see also Le Floch [19])

/1 AW(s,U", UM))as(s,U",U")ds = a(U* — U").
JO

If A(U) corresponds to the jacobian matrix of a flux function F then we recover the classical Rankine-Hugoniot condition and
we have

/] A((s,U",U"))0s(s, U, U")ds = F(U") — F(U").
0

independently of the choice of the path . In the particular situation of system (1), the nonconservative part G(U)dy¢ is rel-
evant if the function ¢ is not constant.

In a precursor work, Toumi [33] proposes a Roe-like scheme for conservative system introducing the Roe average matrix
between two states U; and Ui

AU, Ug) (U - Ug) = /0'1 A(Uy + 5(Ug — U))(Ug — Uy)ds,

where A(U) = dyF(U) is the jacobian matrix of the flux F. An extension of the Toumi formula for nonconservative system has
been proposed by Gosse [15,16] for the Euler system and Parés and Castro [25] for the shallow-water problem where A(U) is
constituted of the jacobian matrix of F(U) and the nonconservative contribution G(U). Such methods where the jacobian
matrix and the nonconservative flux are combined (the Q-methods [6]) are employed in numerous applications like
shallow-water [36] or porous media [28,27]. Extensions to higher-order scheme have been proposed using a ENO-WENO
reconstruction or the MUSCL technique [9,12,13,37].

In the problems mentioned above, it appears that the nonconservative term corresponds to a linearly degenerate simple
wave and the Riemann invariants are employed in place to the Rankine-Hugoniot condition. In particular, the Riemann prob-
lem resolution can be performed using in one hand the classical simple waves associated to the eigenvalues of the conser-
vative part and in the other hand the Riemann invariants associated to the nonconservative term. Based on this strategy, the
Riemann problem resolution for the scalar hyperbolic equation with source term has been done by Noussair [22]. The shal-
low-water problem with variable bed has been done by Alcrudo and Benkhaldoun [1], Chinnayya and Le Roux [7], Chinnayya
et al. [8] and Noussair [23]. The Riemann problem for the compressible duct flow has been considered by Andrianov [2] and
Andrianov and Warnecke [3] (see also Le Floch and Thanh [20] for the isentropic case). The Riemann problem for the two-
phase flow has been studied by Schwendeman [32] and Deledicque and Papalexandris [11]. We also mention the work of
Goatin and Le Floch [14] where the authors study the resonant situation in a general framework.

The delicate point is the construction of the simple wave associated to the nonconservative term. For a given left state,
there exists zero, one or two right states such that the Riemann invariants are preserved (see Goatin and Le Floch [14] for the
general case). In the situation when two solutions are possible, we usually have a subsonic (subcritical) flow and a supersonic
(supercritical) flow thus a new criterion (the continuation criterion Goatin and Le Floch [8] or the admissible criterion Goatin
and Le Floch [14], Isaacson and Temple [18]) is required to select a solution. Moreover, the particular situation where two
eigenvalues merge gives rise to a complex situation where three or more states coexist in the interface at the same moment.
A complete description is proposed by Chinnayya and Le Roux [7], Chinnayya et al. [8] for the shallow-water case while Le
Floch and Thanh [20] give the solution of the Euler system with isentropic flow problem for the resonant situation. Up to our
knowledge, there is not a complete description of the admissible configurations for the Riemann problem for the Euler
system.

From a numerical point of view, an important step has been done with the introduction by Bermtdez and Vazquez [5] of
the conservative property: the C-property while Greenberg and Leroux [17] propose a similar notion: the well-balanced con-
dition, for the scalar hyperbolic problem with a source term. We find also the same idea in Saurel and Abgrall [31] for the
two-phase flow problem where the authors propose a numerical nonconservative contribution which preserve the pressure
and the velocity of the steady-state solutions. All these conditions tend to the following criterion: the Riemann invariants
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associated to the nonconservative term have to be numerically preserved. A particular case is the fluid at rest where the stea-
dy-state configuration has to be maintained numerically. Parés and Castro [25] propose a general definition of well-balanced
scheme with order k based on the scheme capacity to preserve the Riemann invariant up to and order Ax* where Ax is the
characteristic length of the mesh.

In this paper, we propose a new class of scheme based on the criterion of well-balanced scheme introduced by Parés and
Castro [25]. The basic idea is to employ a generic numerical flux to solve the conservative part and we construct the non-
conservative flux such that the well-balanced criterion is satisfied. To this end, we propose the notion of intermediate state
we use to construct the numerical methods and we apply the technique to the classical Rusanov flux. A second-order scheme
based on a MUSCL resconstruction is proposed where the porosity is decomposed into regular and discontinuous functions.
The regular contribution is treated as a classical source term while the discontinuous contribution is taken into account with
the nonconservative flux.

To test the method, we have considered the Riemann problem and we present a new approach based on the configuration
identification where we propose a classification of the Riemann problem solutions. Indeed, the main difficulty with the non-
conservative problems is the nonstrictly hyperbolicity character of the system and eigenvalues can cross or merge. We de-
velop a technique where we describe all the admissible configurations which can appear and we use the classification to
solve the inverse Riemann problem introduced by [3]. In particularly we are able to compute complex situations including
the resonant cases and prove that rarefaction can only reach the sonic point from the lower porosity side. New Sod tube tests
corresponding to particular difficult situations are proposed to check the solvers. Numerical tests have been performed to
compare the approximated solution with the exact solution computed with the inverse Riemann problem algorithm. Other
simulations of a nontrivial steady-state solution are also proposed to measure the method accuracy.

The paper is organized as follows. In Section 2, we present the nonconservative Euler system and the properties of the
steady-state solutions. Sections 3 and 4 are devoted to the nonconservative schemes based on the Rusanov flux and its exten-
sion to the second-order using the MUSCL method and the porosity splitting principle. In Sections 5 and 6, we establish a
classification of all the configurations of the Riemann problem, including the resonant particular situations, and a generic
method to compute the exact solutions: the Riemann inverse problem. Finally in Section 7, we present in a first part a selec-
tion of Sod problems, scanning all the configurations, to test the numerical schemes in comparison with the exact solutions
and in a second part, we evaluate the schemes accuracy in the framework of a steady-state solution with regular porosity.

2. Nonconservative Euler system
2.1. Notations

We consider the one-dimensional nonconservative Euler system:

op dpu 0
o] opu | +oc| ppu2+9¢P | = | Poyo |, )
¢E Pu(E +P) 0

where ¢ stands for the porosity, p the gas density, u the velocity, P the pressure and E the total energy composed of the inter-
nal energy e and the kinetic energy: E = p(u? + e). In addition, to close the system, we use perfect gas law P = (y — 1)pe
with y > 1. Note that the numerical scheme we shall present also deals with more complex pressure law given by function
P= I3(p, e) which depends on the density and the internal energy.

The conservative quantities (or conservative state) are represented by vector U = (¢p, ¢ pu, ¢E) which belongs to the con-
servative variable phase space Q. ¢ R* x R x R* while the physical (primitive) variables vector V = (¢, p, u, P) belongs to the
physical variable phase space Q, Cc R x R* x R x R". We have a one to one mapping (¢,U) — \7(¢, U) such that
V(x,t) = V($(x), U(x,t)) with inverse function V — (¢, U(V)) such that U(V(x,t)) = U(x, t). In the sequel, we shall drop the
hat symbol for the sake of simplicity.

The flux vector is given by

F’(U) ppu
FU) = | F'(U) | = | ¢pu® +¢P |, 3)
Fe(U) ou(E+P)

while the nonconservative term writes

0
Gu=|cw |=]|P]|. (4)
0

Since U = U(V) is a function of V, we adopt the notation F*(V) = F*(U(V)) and G*(V) = G*(U(V)) with a = p,u,e.



S. Clain, D. Rochette /Journal of Computational Physics 228 (2009) 8214-8248 8217
2.2. Steady-state solutions

The main challenge for the numerical schemes to solve nonconservative system is the steady-state solutions preservation.
Let us consider a regular stationary solution U(x) of system (2), we then have

4 R = G 9. )
Assume that ¢ = ¢(x) is a strictly monotone function on the interval [x—,x*] with respect to x and ranges between ¢~ = ¢(x~)
and ¢* = ¢(x*), we denote U~ = U(x~) and U™ = U(x*). We change the variable x by the variable ¢ where we state
U(x) = U(¢(x)) = U(¢). Function U(¢) is then solution of the system

d ~ -
@F(U(W) =G(U(¢9)). (6)

We drop the tilde symbol for the sake of simplicity and we deduce that U belongs to an integral curve parameterized with ¢.
Foragiven U™ and ¢, we have (at least locally) a unique curve W(¢; ¢~,U") = W(¢; V™) solution of (6) with W(¢~; V™) =U".
Since U" belongs to the integral curve, we also have W(¢*; V™) = U".

The main advantage to use ¢ as a variable is that relation (6) still holds even if ¢(x) is a discontinuous function of x. The
ability to handle the ¢ discontinuity is of crucial importance for the Riemann problem. Indeed, function ¢ is constant in the
open sets x < 0 and x > 0 and the nonconservative problem turns to a conservative one as noticed by [3]. The nonconserva-
tive part only acts at the interface x = 0 where ¢ jumps from ¢~ to ¢*. We smooth the ¢ discontinuity using the following
linear approximation (see [8] or [17])

.(x) =7, X< —&,
(%) = (%) = (X — &)™ + (x+8)dp")/(28), X € [—&,+¢],
$(x) =97, X > +&.

Substituting ¢ by ¢,, we get a smooth steady-state solution U, (x) for Eq. (5) and an equivalent smooth solution lflg(q&) for Eq.
(6) for any ¢ > 0. The point is that we can take the limit in relation (6) when & converges to 0.
In the case of the nonconservative Euler problem, system (6) is equivalent to the three relations

B d 2y P
(@) ppu =D, (b) ¢ y—lE*H’ ()

where D and H are constants which correspond to the mass flow rate and the enthalpy, respectively. If u = 0, we get that P
and p are constant. Assuming now that u#0 then we eliminate u in the two last equations and Eq. (7b) provides
D* d 1dpP
__Z = Lo
o @00 0 @

while differentiation of Eq. (7c) yields

2 da _ pdp
'°d<wn+VCMbw):a

(ppu® + ¢P) =P, (c) U +

0,

(pp)*do "y =1\
We combine the two expressions and we get
d__ Pdp
dp "pd¢’
and we obtain the relation
P
p?
by integration where S > Ois the entropy. Fora giveninitial state V~, the curve W(¢, V™) isimplicitly given by the three relations
2y P P
ppu=D, v +-"'-—=H, —=5, 8
P y=1p p’ ®)

where constants D,H and S are determined by the initial condition V~. We deduce from relation (8) an implicit relation
P = P(¢) given by

D> 2y _(P\! P\}
tairls) -n(s)- )

3. Nonconservative scheme

Domain R is uniformly divided with cells K; = [Xi_1,2, Xi112],1 € Z of length Ax where we setx;_1,, = iAx and X; = Xj_1,» + %
is the cell center. We denote by ¢; = HQ—‘ fK,» ¢(x)dx, by o' an approximation of the mean value of « on cell K; at time " for the
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other physical variables o = p,u, P and U} (respectively, Vi) for an approximation of U (respectively, V) at time t" on the cell
K;. We consider generic schemes of the form
At _
U;Hl = U? 7B(Fi+]/2+ci+‘l/2 *F,;]/z *Git]/z). (10)
Flux Fi,q2 = F(V;, Vi) is the conservative numerical flux across interface x;1,, while Gfﬂ/z =G (Vi,Vi;1) and
G, = G"(Vi_1,V)) represent the nonconservative contribution across the interface consecutive to the ¢ space variation.
Real functions 7*,G~* and G"*a = p, u, e represent the three components of the flux vectors.

Remark 1. Since G*(Vy, V) represent the nonconservative contributions due to the ¢ variation, the numerical nonconser-
vative fluxes vanish when the porosity is constant hence we state that for any physical state Vg

G (Vo,Vo) = G"(Vo,Vp) =0.

For any physical state V; € Q,, corresponding to the cells Kj,j =i— 1,i,i+ 1, we introduce the three points operator H
HVia, Vi, Vi) = F(Vi,Vig) + G (Vi, Vi) = F(Vio, Vi) = G5 (Vi V), (1)
hence the three points scheme reads
At
U?H = Uln - BH(VF—N V?? V?+1)7

with V' = V(@,Uf),j:i— 1,0i+1.
3.1. Well-balanced flux criterion

Following the idea of Parés and Castro [25] and Parés [24], we introduce a definition of well-balanced schemes. We em-
phase that the definitions we propose are based on the ¢ parameterization of the intergral curve instead of the x parame-
terization as it is proposed by Parés and Castro [25]. The motivation is that we want to define well-balanced schemes
even if ¢ is discontinuous in space.

Definition 1 (Well-balanced scheme). Let V; € Q, and W(¢;V;) the parameterization of the integral curve with ¢. For any
¢j,j=1i—-1andj=i+1, weset U;=W(¢;V;) and V; = V(¢;,U;).

(a) The scheme is exactly well-balanced for the state V; if for any ¢;,j=i—1andj=i+1.
H(Vi1,Vi, Vi) =0.

(b) The scheme is well-balanced with order p for the state V; if for any ¢;,j=i—1andj=i+1.
H(Vicr, Vi, Vigr) = O(max(|g; — i 1], | — dia )P

(c) The scheme is exactly well-balanced (resp. well-balanced with order p) if it is exactly well-balanced (respectively,
well-balanced with order p) for any V; € Q.

Note that we recover the definition proposed by Parés and Castro [25] in the case where ¢ is a local regular function in
space i.e. ¢; = ¢(x;),j =i—1,i,i+ 1. Indeed, in this case, we have |¢; — ¢; 4| = O(Ax) and |¢; — ¢;,;| = O(Ax), hence
H(V(Xi1), V%), V(X)) = O(Ax)PT.

The well-balanced definition induces a nonconservative flux consistency with the nonconservative term for steady-state
solution. To this end, we assume that the numerical flux F(V;,V;) and the physical flux F(U) are regular functions (at least
") and we denote by V1F(V1,V3) and V,F(V4,V;) the Jacobian matrices with respect to V; and V5, respectively.

Proposition 1. Let ¢(x) be a regular function on the neighbouring of x;, i.e. on the intervals [x;_1,x;,1] for Ax small enough, and
U; € Q. a given conservative state. We denote by U(x) = W(4(x);V;) the local regular solution of Eq. (5) and we set

¢j = d(x;), Uj = U(x;) = W(¢j; Vi),V = V(U,, ¢j) forj =1i—1, i+ 1. Assume that H is well-balanced with order p > 1 then we have
1
Ax G (Vi,Vii1) = G"(Via, Vi) = =G(xi)9xp(xi) + O(AX). (12)

Proof. To prove the proposition, we recall the notation where we distinguish the vector U(x) with the function fJ(V). Thanks
to the consistency condition F(V,V) = F(U(V)), we deduce

Vi F(V,V) + Vo F(V,V) = VyF(U V).V, U(V).
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On the one hand, since we have a pth order scheme with p > 1, we can write

1 1
Ax [F(Vi,Vig) = F(Vie, V)] + Ax G (Vi,Visq) — G (Vii, Vi) = O(AX)p.

On the other hand, we introduce vector F(V;,V;) such that

1 1
Ax [F(Vi,Vig) = F(Vii, V)] = Ax [F(Vi,Vig) = F(Vi, Vi) + F(V;, Vi) = F(Vie1, V)]

Writing the Taylor expansion for F(V;, Viy1) = F(V(x:), V(x; + Ax)) yields
1

— [F(Vi,Vip1) — F(Vi, V)] = V2 F (V;, V)3,V ()

Ax + O(Ax).

[x=x;

In the same way, we have
1
Ax [F(Vi, Vi) = F(Vii1, Vi)l = ViF(Vi, Vi) 0xV () s, + O(AX).

Hence we get with the consistency property

% [F(ViVier) = F(Vier, Vi)l = VoF(U (V) oy, VU V) y_y, 04V () 5y, + O(AX) = 0u(FU(X)) oy, + O(AX).

We then deduce

A6 (Vi Vier) = G (Vier Vi) + u(FUX)), ., = O(AY).

Since U(x) belongs to the integral curve, relation (5) is satisfied and we get
8XF(U(X))\x:xi = G(U)\U:Uiax¢(x)\x:xi’
thus relation (12) holds. O

We now turn to the discontinuous case for the Riemann problem with initial conditions U(x,0) = Uj, ¢(x) = ¢, for
x <0 and U(x,0) = Ug, ¢(x) = ¢ for x > 0. To deal with a steady-state problem, we assume that Ugr = W(¢y; V1) ie. UL
and Ui belong to the same integral curve. Since we have a stationary solution, we reduce the study on the cells
Ko = [-Ax,0] and K; = [0,Ax] which share the interface x = 0 where U(x) = U, on K, while U(x) = Ur on K;.

Proposition 2. The following consistency relations hold:

(a) If H is a pth order well-balanced scheme, then

bR
G (Vi Vi) = G (Vi, V) = A GOM(¢; V)b + O — i)™, (13)

(b) If H is an exact well-balanced scheme, then

[
G"(Va, Vi) =G (Vi,Vp) = ; GOW(¢;V1))d. (14)

Proof. We only deal with the situation where # is a pth order well-balanced scheme, the case of an exact well-balanced
scheme is similar and provides relation (14). On the cell Ky, we write
HVL, VL, Vi) = F(VL, V) + G (VL V) = F(V, V1) — G"(VL, VL),
while we have on cell K;
H(V1, Vi, Vg) = F(Vk, V&) + G (Vk, V&) = F(V1, V) = G"(V1, VR).
Using Remark 1 and adding the two relations, the definition of a pth order well-balanced scheme yields
F(Vi,Ve) + G (Vi, V) = F(VL, Vi) + F(Ve, Vi) = F(Vi, V) = G*(Vi, Ve) = O(|¢hg — ¢, ])""".

Since U; and Ui belong to the same integral curve, we have by integration of Eq. (6)

PR
F(Vg,Vg) = F(V, V1) = F(Ug) = F(UL) = ; GOWV(¢; V1))dé.

Hence relation (13) holds. O
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3.2. The intermediate state

To construct explicitly the nonconservative schemes, we propose a new technique (up to our knowledge) based on inter-
mediate states which provide expressions for the nonconservative flux G*. More precisely, let us consider three physical
states Vi1 = V(¢i_1,Ui1), Vi = V(¢;,U;) and Vi1 = V(¢;.q, Uir1) given on cell K;_1,K; and K4, respectively such that

U = (¢1 13 ) t+1 (¢1+17 )

For the couple (¢; {,¢;), we introduce an mtermedlate value ¢;,, and its corresponding conservative state
Ui 12 = WI(i 1,2;Vi) and physical state Vi, = Vgc/), 1/2:Ui 1,2 ) at the interface X; 1. In the same way, we define
#i11/2: U1 2 and Vi, , at the interface x;,1,2. The goal is to choose ¢; ,, and ¢;,,, such that

F(Vi,Visa) = F(Vis10) = 0(19s = i ).

Proposition 3. For any intermediate states V;_, , and V;, , operator H writes

. qb;ﬂ /2
H(Vir, Vi, Vi) = |:«7:(Vi; Viir) - F<VL1/2) +G (Vi, Vi) +/ /

bi

GOV(¢; Vi))d¢:|

i

{L;—]/Z
- {f(v,-] V) = F(Vip) + 7 (Vi Vi) + / GOV(9: vi>>d¢] : (15)
&,
Proof. Since the conservative states U; ; , and Uj,, belong to the same integral curve W(¢;V;), we have

F<V?71/2> —F(Vi) = F<U:71/2) - FU) = /(/)L”2 GOW(o; Vi))dé,

i
F(Via) ~FV) = F(Ui10) - FU) = [ Gowios v
On the other hand, definition of the numerical scheme H writes
H(Via, Vi, Vigr) = F(Vi, Vi) + G (Vi, Viea) = F(Via, Vi) = G7(Via, Vi)
= [F(Vi,Vis1) = F(Vi) + G~ (Vi, Visr)] = [F(Via, Vi) = F(Vi) + G" (Vi1 Vi),
Substitution of F(V;) in the last relation provides relation (15). O

Note that no regularity assumption has been made to obtain relation (15). Assume that physical states V, and V; corre-
spond to a steady-state discontinuous solution such that Ugr = W(¢y; V1). Relation (15) then writes

H(Vi, Vi, Vi) = {f(vu Vg) = F(V") + GCOWV(¢;Vi))dd + G (Vi, VR):|

[

- [f(vb Vi)~ FV) + [ GOMVide + G (V.. vL)} ,

L

where ¢" is an intermediate value between ¢; and ¢z and U" = W(¢"; V), V" = \7(4)*, U"). After simplification, we have on
cells Ky and K;

&

H(Vi, Vi, V) = F(Vi, V) = F(V) + G (V1, Vi) + ; GOV(¢; Vi))dop, (16)
"
H(V1, Vi, V) = F(V1,Vr) = F(V*) + G (V1, V) + ; GOV(¢; Vi))d. (17)

4. The Rusanov nonconservative scheme

We elaborate a well-balanced scheme based on a very simple flux initially proposed by Rusanov [30]. We then construct
the nonconservative flux such that the well-balanced property is achieved using an adapted intermediate state. Saurel and
Abgrall [31] use the same flux for the multiphase flows while Andrianov [2] introduces the Rusanov flux for the Baer-Nunz-
iato problem. The main advantages are the robustness and the simplicity of such a flux which can be used with complex
pressure law. The main drawbacks are the important diffusion generated by the diffusion term to stabilize the scheme
and contact discontinuities are not well-determined since the solver does not take into account the intermediate waves
[35]. It is noticeable that second-order schemes like MUSCL technique strongly reduces the diffusion effect and the Rusanov
flux usage is relevant in a second-order scheme perspective.
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4.1. The Rusanov conservative flux F

We first begin with the expression of the conservative part of the flux which is an adaptation of the original Rusanov flux
for the Euler problem with porosity. The original Rusanov flux F(V,, V) for the classical Euler system (i.e. with ¢ = 1) asso-
ciated to the physical flux F(V) writes

F(Vy) +F(Vg)

F(V, Vi) = 3

— AU = Uy),
where

1
A= 5 sup(cy + |ugl|, cr + |ugl),

with ¢; (respectively, cg) the sound velocity associated to state V; (respectively, V). We shall modify the classical Rusanov
scheme for the following reason. Consider a Riemann problem with V; = (¢;, p,0,P) and Vi = (¢, p,0,P) with p,P €]0, +oc].
Since U; and U belong to the same integral curve, we have a steady-state solution.

The first and third components of the nonconservative contribution G are null therefore the first and third components of
the nonconservative numerical flux G* vanish. In particular, the scheme for the mass equation writes on cell K

_ At_ _
Po=pP _EC(%P - ¢.p),

with ¢ the sound velocity associated to the configuration and pj the computed density in K, after a first iteration. If the
porosity is not constant i.e. ¢, # ¢y, the density changes from p to p*#p after the first step due to the viscosity contribution
and the steady-state solution is not preserved. A similar situation also happens with the energy equation. To preserve the
steady-state solution, we introduce the following Rusanov flux adapted to the porosity variation situation:

F(V F(V
P vg) = Uy, v, a8)
with
Pr—PL
V(VL,Vr) = g | PrUr — Pl
Er—E

where ¢z = max(¢,, ¢5). Since ¢ €]0, 1], we can also choose ¢ = 1.
4.2. The Rusanov nonconservative flux G*

We now construct the nonconservative flux G* in order to preserve the steady-state solutions. Since the nonconservative
contribution only acts on the impulsion equation, we have G** = 0 for o« = p and e. We now turn to the construction of the
nonconservative flux G=*. Relation (15) suggests that we have to define the intermediate states such that the conservative
contribution writes

[FViVia) = F(Viae)| - [FVia v - (Vi) | = 0P,

while the nonconservative contribution writes

b/ b1y
{ / GOV(g:Vi))d + G (Vi vm] - [ / GOV(: Vi))do + G (Vir, Vi) | = O(Ag)™".

bi Pi

To explicite the scheme, we have to fix the intermediate values ¢; ; , and ¢, ,,. We propose here to set

* $ii1 + @i X Pii1 + b
‘7’:'71/2 = %a ¢i+1/2 :%- (19)
and we define the Rusanov nonconservative fluxes by:
¢ ¢ 0 $i—9 X
G (Vi,Vip) = *% Pi|, G"(Via,Vi)= +% P . (20)
0 0

4.2.1. Nonconservative Rusanov scheme order: the regular case
To study the nonconservative scheme order, we first deal with the regular situation where we assume that (¢(x), U(x)) is a
regular steady-state solution.
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Lemma 1. We have the following error order

[FiVia) =F(Vian)| = [FVia V) =F(Vi0)] = 086?), 1)
with A¢ = max(|¢i .y — ¢il, |di — is ).

Proof. The conservative part of the flux is composed of a difference of flux

F(Viy1) +F(V; y
Airp = w _ F<Vi+1/2)>

and the viscous term

Piv1 — Pi
Bit1ja = —div1p2 | Pisallivt — Pilli |,
Ei1 — E

with UL]/Z = W(¢1+1/27 V) V:+1/2 = V(¢1+1/27 U?H/Z) and /1i+1/2 = % maX(|u,-\ + Ci, ‘UH1‘ =+ CH]). Since U,ur] = W(¢i+1? Vi), we
have F*(Vi) = F*(Vi1) = F*(V},, ;) for o = p,e and we obtain the simpler expression
0

FUV) PV, «
( )2 1) Fu(V

Aip1pp = z+1/2)
0

We denote A¢;, 1, = ¢;1 — ¢;. The Taylor expansion of function W(¢; Vi) gives

* ¢i + ¢i+ d)l + ¢1+ A¢i+
Um/z -Ui= W<T]%Vi> - W(¢i§vi) = dq& ( 2 ! V) 21/2 + O<A¢z‘2+1/2>v

§ o + Ag;
Ui — Ui = W(id)' 2¢’+1 ;Vi> = W(i1;Vi) = +— <¢l 2¢l+1 V) 12+1/2 + O(A¢i2+1/2>~

d¢
We deduce that U, , — Ui = O(Adi,1/2), U, — Uiy = O(Ady,2) and the impulsion flux difference writes
F' (Vi) + FU(V; - 1 - 1 Uy
P PV p vy ) = S IF U) — F U )] 5 FU) — F' (U]
1 <
*VUFM( 1+1/2) (Ui+l - U1+1/2) 2 VyF* ( 1+1/2) (Ui - Ui+1/2) + O(A‘/)iz+1/2)-

We finally obtain

Fu V,ur Fu Vi u *
%—F (Vi+1/2> = O(A¢1'2+]/2)7 2

hence we get A;,12 = O(|A¢[*). In the same way, we have A; 1, = O(|A¢[).
We now focus on the viscous contribution B;, 1/, — Bi_1/,. A simple calculation gives

. Pir1 — Pi Pi— Pia
Bii12 = Biija = —Aiv12 | Piglisn — Pilli | + Zic12 | pilli — Pi_q Uiz

i1 — Ei Ei—Eiy

Piy1 — Pi Pi1 — 2P0i + Piy
= (dicij2 = Aiz12) | Prallin — Pithi | = Zici2 | Pisallivn — 2P + Piq Uiy |,
i1 —Ei Ei1 — 2E +Ei

where A1, = % max(|u;| + Ci, [Uiy1] + Cipq) and Ay 2 = % max(|u;| + ¢, |ui_1] + ¢i_1). Since function max(e, ) is a 1-Lipschitz-
ian function, we get (4i_1/2 — Ziy1/2) = O(A¢). On the other hand, we have o; — ;1 = O(A¢) and o1 — 204 + 0 = O(A¢2)
for oo = p, pu, E. We finally obtain

Bit12 = Bii2 = 0(A¢?), (23)
and estimate (21) holds from relations (22) and (23). O
Remark 2. Note that relation (22) holds even if the steady-state is not regular while estimate (23) is obtained under the

regularity assumption. It is of numerical interest to see that the order discrepancy comes from the viscosity stability terms
Bi.12 and B;_;, when we deal with irregular solutions.

We now treat the nonconservative numerical flux.
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Lemma 2. We have the following error order

biv1/2 "bi1)2
{/ CW(¢:Vi))dd + G (Vi Vi )} - [/ GOW(; Vi))d + G (Vi-, Vi):| =0(A¢)*. (24)

v i v i

Proof. Since G** = 0 and G* = 0 for components o = p and « = e, we only deal with the impulsion equation. Using the mid-
point approximation formula for the integral, we have

b1 [y
Ci= {/ G W(¢; Vi))d¢+g‘“(visvi+1)} - {/ ' G“(W(¢;Vi))d¢+g+~“(v,-1,V1-)]

d

D12 L — 12 Di1y2 .
V P(d))d(bPiW} - {/ P(¢)de + P; 0= ¢’ 1} :/4) P((p)d(p,piw

) «
i i-1/2

(burl ¢l 1

i

+0(A¢?) = O(A¢?).

P(6) (@112 = $i0j2) — P
Hence, we deduce estimate (24). O
Combining the two lemmas, we have the following theorem for the regular steady-state solutions.

Theorem 1. The scheme H using the modified Rusanov conservative flux (18) and the associated Rusanov nonconservative flux
(20) is a first-order scheme following Definition 1.

4.2.2. Nonconservative Rusanov scheme order: the discontinuous case

We now turn to the case of a discontinuous steady-state solution where ¢(x) jumps from ¢, to ¢, at x = 0. We define the
steady-state solution using the ¢ parameterization U(¢) = W(¢; V) of the integral curve of Eq. (6). We denote by
Ko = [-Ax,0] and K; = [0, Ax] the cells on both side of the discontinuity and we study the order of H(V,V,,Vg) on K, and
H(Vi, Vg, Vr) on Ki. In the sequel, we set ¢* = 24% U* = W(¢*;V,) and V* = V(g ,U").

Proposition 4. Assume that the velocity is null then the scheme is exactly well-balanced:

H(V, Vi, Vy) = H(VL, Vi, Vi) = 0. (25)

Proof. If u; = 0, we deduce that ug = 0 thanks to the parameterization (8) and conclude that p, = p; and E; = Eg. The vis-
cosity contribution vanishes and we have

HWV, Vi, Vg) = FVL,VR) +G (Vi Vr) = F(V, V1) =

1 0 0
=5 | Prow —Puoy | - fetip | =0.
0 0

Then the scheme is exactly well-balanced. O

w ~F(V1) +G (V1, Vi)

Remark 3. If the velocity does not vanish, we loose the first-order accuracy due to the viscosity contribution. Moreover, the
nonconservative flux writes

$r — d>
(¢)dd> P =S = 0(A¢),
Jor
which is not enough to provide a first-order scheme in the sense of Definition 1. To obtain a better accuracy, one can consider
a more precise numerical integration formula to approximate the integral. For example, the trapezoidal rule gives

o PL+P

P(¢)d¢ — (¢" = d1) = 0(A)?),

PL

but the intermediate value P* has to be determined using the implicit relation (9).

4.3. Second-order nonconservative scheme

Second-order schemes provide more precise approximation of the solution and less viscosity in the vicinity of shocks. We
propose a second-order method based on the MUSCL reconstruction to provide better accuracy of the numerical approxima-
tion. Our method derives from the following remark, if ¢ is regular (at least differentiable) then d,¢ is a volumic source term.
On the contrary, if ¢ presents a discontinuity at point xo, then d,¢ is a dirac distribution supported by the point x,, hence a
punctual source term. The second-order method we proposed is based on the following porosity decomposition
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B(x) = (%) + ¢" (%),

where ¢? and ¢" are, respectively the discontinuous part and the regular part (at least C'). From a numerical point of view,
the regular contribution is approximated by a volumic term while the discontinuous part is taken into account with the non-
conservative flux. If we consider the first-order scheme, ¢ is a constant piecewise function and ¢" = 0. The nonconservative
contribution is exclusively evaluated with the nonconservative numerical flux. We now turn to the second-order situation
where we use the classical MUSCL technique.

4.3.1. The MUSCL reconstruction

For each interface at point x;,1,2, we aim to compute new values V;,, , and V},, , on both side of the interface. We then
substitute the first-order numerical flux F(V;, Vi,;) with the second-order numerical flux (V{H 2 Via /2> to compute the
conservative flux across the interface x;,1,,. We proceed in the same way with the nonconservative flux.

For any approximation (a;),., with o = ¢, p, u, P, we define the slopes

Oit1 — &

61911/2 = AX )
which represent an approximation of 9, on the interfaces x;.1/2,i € Z. To evaluate an approximation o7 of the derivative on
cell K;, we set

o7 = ‘//(6?71/270'?11/2)7 (26)

where the function y is a limiter function. For example, we use the minmod limiter
0 if pg<O,

. . 27
& min(ipllg) i pg > 0. 27

¥(p,q) = minmod(p, q) = {

We then propose the decomposition of ¢ = ¢%(x) + ¢'(x) such that ¢¢(x) is constant piecewise, ¢'(x) is continuous linear
piecewise where 9,¢" (x) = a;@] 2 0N each cell K;. We define the new values on the interface x;.;/, setting for o = ¢, p,u,P

. Ax " Ax
Xip10 = 0+ Ot Yipgp = % = O

4.3.2. Second-order nonconservative scheme
Using the generic finite volume scheme proposed in (10), we consider the second-order scheme

Uit = up - % [{}-(V?fl/zv V?ﬁﬂ) +6 <V?+‘_1/2, V?Sp)} - {}-(V?j/zv V?j/z) +¢' (V?j/zv V?I/z)} + S(V?ﬁ/za V?j/z)}v

(28)
with
0 0
_ Pl o tPy, -
S(V?h/z? V?fl/z) = P?O'?AX = [ R <¢i+1/z - ¢i+—1/2> . (29)
0 0

The term S corresponds to the contribution of the regular part of Poy¢.

Remark 4. If ¢ is a constant piecewise function, we does not recover exactly the first-order scheme since the MUSCL
reconstruction provides new values for p,u and P at the interfaces. On the other hand, if ¢ is regular, the ¢ jump at the
interface ¢/, — i,1, is very small, of order Ax?, hence the principal nonconservative contribution is furnished by the
source term S.

5. The Riemann problem configurations

In this section, we present a complete description of the admissible configurations, i.e. the succession of simple waves
separated by constant states, for the nonconservative Euler system. Two major situations arise whether all the waves are
distinct or two waves are superposed: the resonant cases. The resonant cases have been analysed by Noussair [22] in the
framework of a scalar nonconservative problem with a source term. The works of Noussair [23] and Chinnayya et al. [8] deal
with the resonant configurations for the shallow-water problem while Le Floch and Thanh [20] treat the resonant case for the
isentropic nonconservative Euler problem. The configurations in the resonant case for a general nonconservative hyperbolic
system are presented in Goatin and Le Floch [14] where a sharp study of the interactions between a genuinely nonlinear
characteristic field with the linearly degenerated field associated to the nonconservative term is performed (see also the pio-
neer works of Isaacson and Temple [18]).

We do not intend to solve the Riemann problem leading to huge complex nonlinear problems as Andrianov and Warnecke
[3], Goatin and Le Floch [14], Le Floch and Thanh [20], Noussair [23], Chinnayya et al. [8] but we here propose a construction
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of all the configurations based on three criterions: the configuration stability criterion, the sign criterion and the Mach cri-
terion we shall define in the sequel. A study of the eigenvalue sign and the criterions allow to disqualify the noncompatible
configurations. Moreover, a specific study of the linearly degenerated field associated to the nonconservative term brings
new informations to construct the configurations for the resonant case.

5.1. Eigenvalues and eigenvectors

To study the nonconservative Euler system which describes gas flow in porous media, we add equation 9,¢ = 0 to system
(2), named the augmented system (see Andrianov and Warnecke [3], Goatin and Le Floch [14] for justifications) leading to a
problem with four unknowns. For regular solution V, the augmented system equipped with the perfect gas law P = (y — 1)pe
with 7 > 1 can be rewritten in the form

00 0 0
% u 0
OV +AV)aV =0, with AV)=| .
0 0 u s
B0 9P u

We get a non-strictly hyperbolic system with the eigenvalues
=0 li=u-c, A=u I3=u+c,

and the associated eigenvectors

d(u? —c?) 0 0 0
— o2 _
R=| P | Ri=| | R=|l| R=|"”
uc? c 0 c
—pu?c? —pc? 0 pc?

The characteristic fields (or simple waves) associated to eigenvalues /; and A3 are genuinely nonlinear while the character-
istic fields associated to 4, and 7, are linearly degenerated. We say that V is a subsonic, sonic or supersonic state if we have
u? < c%,u? = c? or u? > c?, respectively.

Eigenvalue /o = 0 characterizes the change of porosity and a new difficulty arises since we are no longer able to order the
four eigenvalues. In particular, for sonic state V, we have only three distinct eigenvalues (/o = /1 or A = 3).

Eigenvectors Ry, R, and R; correspond to the classical Euler system eigenvectors with constant porosity. It results that the
simple waves parameterization (shock, rarefaction, contact discontinuity) associated to each eigenvalue is identical to the
classical Euler system ones.

5.2. The stability configuration criterion

In the sequel, we denote by k — w the simple wave associated to the eigenvalue A,. For k =1 or k = 3,k — r represents a
rarefaction whereas k — s represents a shock. For k = 0 and k = 2 the simple waves are contact discontinuities we still denote
k —w. For given left and right states V; and Vi, we seek an autosimilar solution of the Riemann problem we shall characterize
with the notion of configuration as follows.

Definition 2 (Configuration). A configuration is the succession of simple waves from left to right which separate constant
states.

As an example, the configuration C = {1 — ;0 — w;2 — w; 3 — s} means that we have four simple waves separating five
constant states: V| is linked to the state V, by the 1 — r rarefaction, V, is linked to V, by the contact discontinuity 0 — w while
V., is linked to V, by the contact discontinuity 2 — w. At last V, is linked to Vi by the 3 — s shock (see Fig. 1).

We now introduce a criterion to select the configurations which are of interest from a numerical point of view. Each sim-
ple wave k — w corresponds to a one-parameter characteristic curve in the phase space. Existence of a solution for the Rie-
mann problem means that there exists a path in the phase space from V, to V; following the characteristic curves given by
the configuration. Since V is a vector of R*, we need four independent characteristic curves to link V; to Vi.

Definition 3 (Configuration stability criterion). Assume that for given left and right states V;, Vx we have a solution for the
Riemann problem with a given configuration X. We say that the configuration is stable if there exists a small enough ¢ > 0
such that: for any physical states Vg and V; with [V, — V| < & and |V — V| < ¢, there exists a solution for the Riemann
problem associated to the initial states V; and V with the same configuration X.

For example, let wus consider the Riemann problem with V,=(¢;=1,p,=1u =10,P = 105) and
Vi = (¢g =1,pp = 5,ug = 10,Py = 10°), the associated configuration is constituted of a unique contact discontinuity
X = {2 — w}. If one slightly modifies the pressure, the velocity or the porosity, new simple waves appear and configuration
X no longer holds. The goal of the stability criterion is to only focus on the configurations which are important from a numer-
ical point of view.
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V><

Fig. 1. An example of configuration: C = {1 —r;0 — w;2 — w;3 —s}.
5.3. The sign criterion

Let us denote by P~ = {(x,t);x < 0, t > 0} and P* = {(x,t);x > 0, t > 0} the two half-planes. As noticed Andrianov and
Warnecke [3], the augmented system reduces to the classical Euler system with constant porosity in each half-plane. In par-
ticular, there exists at most three ordered simple waves in each half-plane leading to an important number of potential con-
figurations. Nevertheless, the admissible configuration number will be drastically cut down thanks to the following sign
criterion.

Definition 4 (Sign criterion). The sign velocity does not change across the interface x = 0.

We apply the Rankine-Hugoniot condition to the conservative mass conservation equation of system (2) for the contact
discontinuity associated to /. Since the shock velocity is null, we get [¢pu] = 0 at interface x = 0, hence the sign of u is pre-
served for positive density and porosity.

Proposition 5. The following successions of waves and constant states

(@ {3-w,0-w,1-w}, (b){3-w,0-—w,2-w},
c{2-w,0-w,1-w}, (d){2-w,0-w,2-—w}

are not admissible.

Proof. We present the proof for the case (a). Let denote by V, and V, the constant states situated on the left and right of the
interface x = 0. Since we deal with rarefactions or entropic shocks, the Lax entropy condition yields

J3(V)) <0, i1(Vy) > 0.

It results that u; < 0 while u, > 0 which is a contradiction with the sign criterion, thus the succession (a) is not admissible.
The other successions are treated in the same way. O

We list in Fig. 2 the configurations which satisfy both the sign and the stability configuration criterions. Configurations
A,B,C and D involve the four simple waves only one time (see Andrianov and Warnecke [3]). The two last configurations
F and G correspond to the situation when the 1 — w or the 3 — w waves are splitted by the interface. We have not presented
here the resonant situations when the 1 — w or the 3 — w wave is superposed with the 0 — w wave. To characterize more
precisely the two last situations, we study in the next subsection the transition across the interface when the porosity
changes.

5.4. The MACH criterion

Across the porous interface x = 0, the state V; changes to the state V, in function of the porosity variation. Since mass and
energy equations in system (2) are written in a conservative form, we deduce the Rankine-Hugoniot condition across the
contact discontinuity Ao :

[¢pu] =0,  [u(¢E + $P)] = 0. (30)

We cannot use the classical Rankine-Hugoniot condition for the impulsion equation since there is no conservative form but
since we deal with a contact discontinuity, we use the Riemann invariants associated to the simple wave 0 — w (see Andria-
nov and Warnecke [3, p. 881]):

2yP

(y-1p GD

wh(V) = gpu, w%(V>=§7 WA(V) =12 +
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configuration B

1-w ﬁ-w 0-w

v v
Va\ r

configuration G

3-w

VR

VR Vi

.

configuration C

0-w 2-w

/

Vi

A\

Fig. 2. Admissible configurations respecting the sign and the stable configuration criterions.

We note that w} and w} correspond to relations (30) while the entropy invariant w3 comes from the impulsion equation.
Moreover, the three invariants provide the same equations which characterize the steady-state solutions (8) (see Chinnayya
et al. [8, p. 12] for the shallow-water problem).

For a given left state V, of porosity ¢;, we seek a right state of porosity ¢; which preserves the Riemann invariants (31). To
this end, we denote by

Pl P 2')/P[
D=¢,pu, S=—, H=uj+——F—, 32
Lpl l p; 1 (,V _ -l)pl ( )
and we seek p,, u, and P, such that w}(V,) = D,w3(V,) = S,w3(V,) = H. After some algebric manipulations, the problem con-

sists in finding the density as a solution of the scalar equation

D 2
s(ois.H) = (52 ) (33)
R
where we have defined
gpiS.H) = 2 g P, (34)

If we manage to compute p, we obtain the pressure P and the velocity u which preserve the entropy S and the flux D. We now
deal with the calculation of p. Differentiation of function g gives

+1
g0 =20 (1 Ut ).
The derivative only vanishes at point p,,, = p,,,(H,S) given by ypl,' = ” . Since y > 1, function g’ is positive for p > p,,,
and negative for p < p,,,. To sum up, we have the proposition.

Proposition 6. Function g admits a minimum at point p,,,, which only depends on S and H characterized by

" :)717('})—‘1)1'1 ’y
l)pson - ("/-I—])S and g(pson) 1“!"))

HpSOﬂ < O
g is a decreasing function on interval [0, p,,] and an increasing function on interval [p,,,, +oc|.
Let denote by uson,Pson and cson the respective velocity, pressure and sound velocity associated to p,,,, then uﬁon = cgon.
Moreover, we have
o if p> py,n then u? < c* (subsonic branch),
o if p < pgonr then u? > 2 (supersonic branch).

For H and S given, function g reaches the minimum at the sonic point p,,,. Consequently, for a given D, we deduce the
minimum value ¢,;; = ¢nmin(D,S, H) such that Eq. (34) has a solution given by

y—1, 5 D )2
H = .
Y+ 1 Pson (‘bmin
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Hence, we get
(y+1)D?
(V - ])Hpgon ’
The solutions of Eq. (34) are detailed in the following corollary.

Corollary 1. Let (¢,D,S,H) be fixed and p,,, be the density associated to S and H. We denote by

2
(pmin =

1-v
1+y

2 2
%(¢,D,S,H) = (g) +g(pson) = (9> + Hp?on'

¢
We have the three situations:
1. If x(¢,D,S,H) <0 (i.e. ¢ > bmyy), there are two solutions pg,, < Pgo, N Py > Pgop fOr EQ. (33).
2. If x(¢,D,S,H) > 0 (i.e. ¢ < ¢,u;,), there is no solution for Eq. (33).
3. If x(¢,D,S,H) =0 (i.e. $ = ¢min), there is the unique solution p,,, for Eq. (33).

In case (1) two solutions are available and the question of the choice is crucial. For example, assume that we have a
prescribed left subsonic state V; = (¢, p;, u;, P)). For ¢ in the vicinity of ¢,, we have two possible solutions but only one be-
longs to the same subsonic branch p > p,,,. For continuity reason, it is judicious that the solution p of equation

2
g(p) = _<¢%) belongs to the subsonic branch. Chinnayya et al. [8, p. 13] give a clever justification for the shallow-water

problem using a regularisation of the topography while Goatin and Le Floch [14, p. 891] state a similar criterion.

Definition 5 (MACH criterion). The subsonic or supersonic regimes are preserved across the interface. If V; and V, are the
states on the left and right sides of the contact discontinuity 0 — w then they are both subsonic or supersonic.

Note that the MACH criterion does not apply in case of a sonic state. For example, if V, is sonic, V, could be subsonic or
supersonic. A direct consequence of the MACH criterion concerns the splitting of the 1 —w or 3 — w waves.

Proposition 7. The simple waves 1 — w or 3 — w cannot be splitted with two constant states on both sides of the interface x = 0.

Proof. We give the proof when the 1-w wave is splitted into two parts leading to the configuration
F={1-w,0-w,1-w,2—w,3 —w} represented in Fig. 4. The 1 — w wave is splitted by the 0 — w wave with two constant
states on both sides of the interface with V, on the left and V, on the right. Due to the presence of the 1 — w in the half-plane
P+, state V, is supersonic with u, > ¢, whether the simple wave is a rarefaction or an entropic shock thanks to the Lax con-
dition. In consequence, the sign and MACH criterions yield that u; > ¢, We now deal with the 1 — w which separates the two
constant states V; and V; in P~. Since V| satisfies u, > ¢, the 1 — w can not be a rarefaction because V, belongs to the 7~ half-
plane. On the other hand, the Lax condition says u; — ¢; > 61 > u; — ¢; > 0 hence the 1 — s shock velocity o, is positive which
is a contradiction with the assumption that the shock belongs to P~. O

5.5. The splitting wave configurations LR and RR

Let us consider the situation where the 1 —w simple wave is splitted into two waves by the interface x = 0. Propo-
sition 7 says that there is at most a constant state on one side of the interface. Consequently, the 1 — w wave situated on
the other side is a rarefaction which touches the interface at x = 0. We present in Fig. 5 the two situations for the 1 —w
wave whether the rarefaction is on the left or on the right leading to the configuration LR; (Left Rarefaction for the
1 —w wave) and RR; (Right Rarefaction for the 1 —w wave). Similar configurations denoted by LR3 and RR; hold for
the 3 —w wave splitting.

-y -
—— H |
(D) Psen|

Fig. 3. Function g: the minimum is attained at point p,,.
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constant states

Fig. 4. The 1 — w is splitted with two constant states on both sides of the interface. Such a situation is not available since the MACH and sign criterions are
not respected.

Configuration LRy Configuration RRy

Fig. 5. The 1 — w is splitted into a rarefaction on one side and a constant state on the other side which provides the following configurations whether the
rarefaction is on the left (LR; configuration) or on the right (RR; configuration) of the interface.

Such configurations have been proposed by Noussair [22] (p. 324, case 6 and 8) for the scalar nonconservative problem,
by Noussair [23, p. 61, cases D;], Chinnayya et al. [8, p. 19, case d], Alcrudo and Benkhaldoun [1, p. 659, cases 6.1.2, 6.1.4,
6.2.2, 6.2.4 for examples] for the shallow-water problem, by Le Floch and Thanh [20, p. 791, case C2.1 and C2.2] for the non-
conservative isothermal Euler problem, by Lowe [21] for the two-phase flow problem, by Goatin and Le Floch [14, p. 897,
case 2a(A) and case 2b(A’)] for a general nonconservative hyperbolic system. We now analyse such a situation where we
shall prove the important result: the rarefaction takes place only on the lower porosity side.

Proposition 8. The 0 — w wave parts the 1 —w or 3 — w simple waves in the following way (see Fig. 6 for the configuration
designations).

Rarefaction from P~. We assume there is a rarefaction in the P~ half-plane which reaches the interface x = 0 to a limit state V,
such that u; = +c; and jumps to a constant state V, on the right:

o If ¢, > ¢y, there is no solution;
o If ¢, < ¢, there is two possibilities:
*a 1 — r rarefaction with uy, u, positive and V, supersonic (case LR;),
*a 3 — r rarefaction with uy, u, negative and V, subsonic (case LR3).
Rarefaction from P*. We assume there is a rarefaction in the P* half-plane which reaches the interface x = 0 to a limit state V,
such that u, = £c, and jumps to a constant state V, on the left:

o If ¢, < ¢y, there is no solution;

o If ¢, > P, there is two possibilities:
*a 1 — r rarefaction with u;, u, positive and V, subsonic (case RR;),
*a 3 — r rarefaction with uy, u, negative and V, supersonic (case RR3).

Proof. We only deal with the left rarefaction. We reach the state V, witha 1 — r or a 3 — r rarefaction from the left such that
u? = c2. For the limit state, we associate the values of D,S and H given by relations (32) and we seek a solution p of the
equation
D 2
20+ (5) o (36)
Pr
2 2
o If ¢y < ¢ then (ﬁ) > (ﬁ) . Since the left state is sonic, function g attains its global minimum at point p, and we

have g(p) + (d%)z > g(p) + (ﬁ)z =0 for all p > 0. It results that g(p) + (#)2 > 0 and Eq. (36) has no solution.
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Fig. 6. Admissible configurations where the 1 — w or the 3 — w simple waves are splitted by the 0 — w contact discontinuity. Configurations LR; and RR;
correspond to the 1 — w wave with ¢, < ¢ and ¢; > ¢, respectively while configurations LR; and RR; correspond to the 3 — w wave with ¢, < ¢ and
¢, > ¢g, respectively.

Assume now that ¢, > ¢;, we then have (%)2 < (ﬁ)z. Since g(p,) + (ﬁ)z = 0, we deduce that g(p,) + (#)2 <0.
From Proposition 6 there exists two solutions p,,, > py,, = p; and pg,, < py,, = p; for Eq. (36). We now distinguish
the situations whether we have a 1 —r or a 3 — r rarefaction.

* FOR A 1 — r RAREFACTION (CONFIGURATION LR, ). We have, on one hand, a 1 — r rarefaction in the half-plane P~
from the V/ state to a V, state located at x = 0 where V/ is prescribed with the condition u; = ¢; and we have, on the
other hand, a 1 — w simple wave in the half-plane P*. We cross the interface x = 0 using the parameter ¢ to pro-
vide state V, on the right side of the interface. Since p, is the minimum of function g and ¢ > ¢,, there is two solu-
tions: pg,, for the subsonic branch and p,,, for the supersonic branch. Since there exists a 1 — w wave in the half-
plane P*, then V, must be supersonic whether the wave is a rarefaction or an entropic shock. Hence, we have to
choose p = pg,.

* FOR A 3 — r RAREFACTION (CONFIGURATION LR3). We have, on one hand, a 3 — r rarefaction in the half-plane P~
from the V), state to a V, state located at x = 0 and we have, on the other hand, a 3 — w simple wave in the half-
plane P*. As in the previous case, we have two possible solutions for the state V, = V situated on the right side
of the interface. Since there exists a 3 — w wave in the half-plane P*, then Vz must be subsonic and we have to
choose p = pg,. O

To sum up, we propose the following criterion when a rarefaction touches the porous interface.

Definition 6 (Rarefaction in porous media criterion). A rarefaction can only reach the interface from the lower porosity

side.

Remark 5. To our knowledge, such a criterion has not been clearly brought to the fore before. For the shallow-water prob-
lem, Chinnayya et al. [8, p. 19] show that the transition with a rarefaction reaching the interface only occurs on the lower
vertical height side. Moreover, in the general case of nonconservative hyperbolic systems studied by Goatin and Le Floch
[14], all the rarefactions reaching the interface satisfy the criterion in Definition 6.

Remark 6. When a k — w wave splitting occurs, we have shown that the first part of the wave situated on the lower porous
side must be a rarefaction. The second part of the wave (in the higher porosity side) is not a priori a rarefaction and could also
be a shock. We shall present examples of various configurations in the numerical test section where the second part of the
k —w wave is a rarefaction or a shock.
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5.6. The resonant configurations

Since the eigenvalues are not strictly ordered due to the presence of the eigenvalue /y = 0, the question arises when a
k — s shock crosses the interface leading to the so-called resonant situation. We have to treat two situations whether the
k —w wave is splitted (with a rarefaction on one side) or not.

The simpler situation concerns a simple k — s shock which crosses the interface. The k — s shock splits the 0 — w contact
discontinuity into two parts where an intermediate porosity ¢, is introduced (see Goatin and Le Floch [14] p. 892 case 1a (C)
for example). We denote by R; the resonant configuration with the 1 — s shock while R; represents the resonant configura-
tion with the 3 — s shock.

A more complex situation arises when the k — w is splitted into two parts: a rarefaction on the lower porosity side and a
stationary shock of null velocity (see Goatin and Le Floch [14] p. 897 case 2a (C) and Chinnayya et al. [8] p. 22 Section 3.3.4
for examples). The shock itself splits the contact discontinuity and we shall one more time introduce an intermediate poros-
ity. We denote by LRR; and LRR; the Left Rarefaction and Resonant configurations associated to the 1 — w and 3 — w, respec-
tively when ¢; < ¢ while RRR; and RRR; are the Right Rarefaction and Resonant configurations when ¢; > ¢.

5.6.1. Configurations R; and R

The resonant configuration R; appears when the 1 — s shock and the 0 — w are superposed. To illustrate the phenomena,
let us consider the situation where we have a 1 — s shock on the left of the interface (configuration C in Fig. 7). We increase
the left velocity u; until the shock reaches the interface x = 0. At that very moment, the shock touches the left side of the
contact discontinuity. If we increase a little bit the velocity, the shock shares the interface in two parts introducing an inter-
mediate porosity ¢, € [¢;, ¢r] leading to the following configuration {0 — w,1 — 5,0 — w} at the same point x = 0 (R; config-
uration). We increase one more time the velocity until the 1 — s shock reaches the right side of the interface, i.e. ¢, = ¢.
Configuration R; respects the stability configuration criterion since the 1 — s shock stays on the interface for small perturba-
tions of V; and Vi but the intermediate porosity ¢, changes. The same situation arises with a 3 — w shock leading to the R;
resonant configuration.

Such configurations have been proposed by Goatin and Le Floch [14, p. 896, case 2b(C')] for a general nonconservative
hyperbolic system.

configuration C Configuration Rq configuration D
0-w

Vi

v

Vs,l Vs,r
v, N/ \
.- =0g
® - >¢S
o = (I)L
I—s
0+-w! O-w

x=0

Fig. 8. Resonant configuration R;. The stationary 1 — s shock occurs at an intermediate porosity ¢,.
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We now detail the construction of configuration R; composed of two 0 — w contact discontinuities shared by a stationary
1 — s shock. We assume that the physical states are V, and V, on the left and right of the interface. To construct the transition,
we introduce an intermediate porosity ¢, and we consider the following waves succession linking V, to V., (see Fig. 8).

- From V,; to V,;: we have a 0 — w contact discontinuity from ¢; to an intermediate porosity ¢, € [¢;, ¢g]-
- From V;,; to V,,: we have a stationary 1 — s shock of velocity ; = 0.
- From Vg, to V,: we have a 0 — w contact discontinuity from ¢ to ¢.

The porosity ¢, has to be chosen such that the intermediate states V;; and V, define a stationary shock. Since we require
an 1 — s entropy shock, the Lax condition implies us; — ¢;; > 0 > us, — ¢, hence Vj, is supersonic while state V;, is subsonic.
Since V, is a supersonic state, the MACH criterion says that the left state V; must be a supersonic state while Vs, and V, have
to be subsonic states.

To compute the two states and the intermediate porosity, we proceed in the following way. For a given V|, we define the
unique pg; = p,(¢) on the supersonic branch of g (see Fig. 3) such that we satisfy the relation

28 D\?

s H) =0l - b=~ (3 37)
Y bs

where Hy, S; and D; are computed with the left state V,. In the same way for a given V,, we define a unique p,, = p; (¢,) on the

subsonic branch of g such that we satisfy the relation

298, AN
8(0siS ) = 25071 = 2= - (21) 38)
V- ¢s
where H,,S, and D, are computed with the right state V,.
With p,; and p,, in hand, we compute the velocities ug,, u;, and the pressures P, P;, and we fix the intermediate porosity
¢, using the stationary shock condition

PsiUsi = P Usr (39)

Of course ¢, is implicitely given by relation (39) and an iterative algorithm should be employed to compute an approxima-
tion of ¢, such that we satisfy the three relations (37)-(39).

5.6.2. Configurations LRR; and LRR;
We now deal with a more complex situation when a k — w wave is splitted into a k — r rarefaction on the left side and a
k — s shock superposed with the 0 — w contact discontinuity. For such a situation, we must have ¢; < ¢ such that the rar-
efaction occurs on the left side. We then obtain a Left Rarefaction and Resonant configuration LRR; or LRR; for the 1 — w or
the 3 — w, respectively.
Configuration LRR has been studied by Chinnayya et al. [8, p. 19, case c] for the shallow-water problem, by Goatin and Le
Floch [14, p. 897, case 2a(C)] for a general nonconservative hyperbolic system.
We detail the LRR, configuration as an example (see Fig. 9 for the notation).
- A1 —r rarefaction takes place on the left of the interface from V, to the sonic state V,.
- From V, to V;: we have a 0 — w contact discontinuity from ¢, to an intermediate stage ¢, € [¢;, ¢] such that Vy; is
supersonic.
- From V;, to Vi,: we have a stationary 1 — s shock of velocity ¢; = 0 and V;, is subsonic.
- From V, to V,: we have a 0 — w contact discontinuity from ¢ to ¢.

x=0

Fig. 9. Left rarefaction and resonant configuration LRR; with ¢, < ¢. The 1 —w is constituted of a rarefaction on the left and a 1 — s stationary shock
sharing the 0 — w contact discontinuity with an intermediate porosity ¢..
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Like the R; configuration, one has to choose the intermediate porosity such that V,; and Vs, are linked with a stationary
shock of null velocity and respect the entropy Lax condition u;; — ¢y; > 0 > uy, — ¢1,. To compute the two states and the
intermediate porosity, we have to fix ¢, such that relations (37)-(39) are satisfied. The only difference with the configuration
R; is that V; is the sonic state which links V; with a 1 — r rarefaction.

5.6.3. Configurations RRR; and RRR3
We now analyse a similar situation when the k — w wave is splitted into a k — r rarefaction on the right side and a k —s
shock superposed with the 0 — w contact discontinuity. For such a situation, we must have ¢, > ¢ such that the rarefaction
occurs on the right side. We then obtain a Right Rarefaction and Resonant configuration RRR; or RRR; for the 1 — w or the
3 — w, respectively.
We detail the RRR; configuration as an example (see Fig. 10 for the notation).
- From V; =V, to V,; : we have a 0 — w contact discontinuity from ¢, to an intermediate stage ¢, € [¢;, ¢z
- From Vg, to Vs, : we have a stationary 1 — s shock of velocity ; = 0.
- From V, to V, : we have a 0 — w contact discontinuity from ¢, to ¢, such that V, is a sonic state.
- A1 —r rarefaction takes place on the right of the interface from V; to V,.

Like the LRR; configuration, one has to choose the intermediate porosity such that V; and V;, are linked witha 1 — s sta-
tionary shock of null velocity and respect the entropy Lax condition u;; — ¢y; > 0 > u;, — ¢1,. The only difference with the
configuration LRR; is that the rarefaction is on the right and ¢, has to be chosen such that V. is a sonic state. This last point
leads to a more complex problem from the numerical point of view when we solve the inverse Riemann problem.

6. The inverse Riemann problem

Let us consider the Riemann problem with initial left and right states V; and V and assume that there exists an autosim-
ilar solution. We characterize the solution by its configuration C and the set (Py, p,, Ps, ¢g) where P; is the pressure of the
constant state situated on the right of the 1 — w wave, p, is the density of the constant state situated on the right of the
2 — wwave and P; is the pressure of the constant state situated on the right of the 3 — w wave. We then define an application

(Vi, Vi) = fz(VL, Vi) = {C; (P1, P, P3, ¢g)}-

For the inverse Riemann problem, we proceed in a different way (see [2,3]). We assume that the left state V; is known and we
want to determine the right state V (if it is possible) with the prescribe configuration € and intermediate values Py, p,, Ps, ¢,
i.e. we have to compute V such that fz(V, Vr) = {C; (P1, p,, P3, ¢z)}. Note that for a given set (P1, p,, P3, ¢z), we can obtain
different solutions for different configurations and some configurations have no solution.

6.1. Parameterization of the simple waves

To compute each intermediate state for the inverse Riemann problem, we shall use a parameterization of the k — w waves
in the simpler cases but configurations like Ry, LRy, RRy, LRR, and RRR, require some iterative algorithm we present in the se-
quel. We introduce some new notations to provide a parameterization of the simple waves. For a given k — w wave, we de-
note by Vy; and V,, the left and the right states such that V, is linked to V,, by the one-parameter characteristic curve in the
phase space. We construct the inverse Riemann problem solution in the following way:

x=0

Fig. 10. Right rarefaction and resonant configuration RRR; with ¢; > ¢;. The 1 — w is constituted of a rarefaction on the right and a 1 — s stationary shock
sharing the 0 — w contact discontinuity with an intermediate porosity ¢..
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e For the 1 —w and 3 — w waves, the right state is fixed by the pressure setting P, , = P; or P3, = Ps.
e For the 2 — w wave, the right state is fixed by the density setting p,, = p,.
e For the 0 — w wave, the right state is fixed by the porosity setting ¢, = ¢x.

6.1.1. Parameterization of the 1 — w wave
We consider two states V4, and V;, separated by the simple wave 1 —w which is a shock (P;, > Py;) or a rarefaction
(P1, < Pyy). For a given left state V;, and a prescribed pressure of the right state P; , = P,, we deduce the other components
of Vi, with the following relation.
- If Py, > Py,;, we have a shock and we compute.

- Pu(y =D +PuG+D) (Prr = Pr) (1, — P11)
1r Py + 1)+ P (y—1) ’ ' P1rP1y

The discontinuity moves with the velocity
Uy — Uy,
oy = Pl Py r
P11— Pir

- If Py, < P, we have a rarefaction and we compute

1

Pl T 7 VPI r 2
= — Ciy = : Ur,r=1u — (¢ —C¢C
P1r =P (p” v Cur o e =t 5T (cri—C1r),
with the left state sound velocity c¢;; = % The rarefaction area is characterized by

X
Uy — €1y < n S Ui —Crpre
Note that the porosity does not change hence ¢, = ¢,.

6.1.2. Parameterization of the 3 — w wave
We consider two states V3; and Vs, separated by the simple wave 3 —w which is a shock (Ps, < P3;) or a rarefaction
(Ps, > Ps;). For the given left state V3; and a prescribed pressure of the right state P;, = P, we deduce the other components
with the following algorithm.
- If P3, < P3;, we have a shock and we compute.

py =y, Q=D AP0+ (Psr = Ps1)(p3r = p31)
BIPLy+ )+ Ps(p 1) T P3.:03

The discontinuity moves with the velocity
_ P3elzr — P3ilsg
P3r— P31

[

- If P3; > P3;, we have a rarefaction and we compute

1
P3.r>? VP3.r 2
= 5], Cr= , U3p=U3)———=(C31—C3r),
P3r = P31 (Pa,z 3r =4/ Do 3, - 1( 31— C3r)

VP34
P31

with the left state sound velocity c3; = . The rarefaction area is given by

X
Us)+C3p < m < Usy + Cspe

Note that the porosity does not change hence ¢3; = ¢5..

6.1.3. Parameterization of the 2 — w wave
For a given left state V,;, we have u,, = u,,, P, = P, since pressure and velocity are unchanged across the contact dis-
continuity moving with the velocity ¢ = u,; = u,,. We prescribe the right density p,, = p, and the sound velocity for the
right state is given by ¢, = %
6.1.4. Parameterization of the 0 — w wave
For a given left state V,;, we compute
Py
D= ¢ potio, S=—, H=ud +
Poy

Z'ypo‘]
(7= 1)poy
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We then seek the solutions of the nonlinear equation

2)S a4 o <D>2
1 7 _ H . ,
y-1 P p Pr

_ (-DH

using for example an iterative Newton algorithm. Let ypl, = TS be the density corresponding to the sonic state, following
Corollary 1, we compute y(¢g,D,S,H) and we have the three situations:

o If y(¢x,D,S,H) > 0, there is no solution.

o If %(¢g,D,S,H) =0, there is the unique solution p,, = p,n-

o If (¢, D,S,H) < 0, there are two solutions and we choose p,, = py,, if Vo, is a supersonic state and p,, = pg,, if Vo is

a subsonic state.

We then obtain the two other components with

D pOr !
Uor = , Por =Py, =] .
T oo, o <p0,1>

6.2. Resolution of the inverse Riemann problem

Let V, be the left state and (P1, p,, P3, ¢) be the set of prescribed intermediate values. We aim to construct all the inter-
mediate states and V which respect a given configuration C. We proceed with a “Try and Check” technique in the following
manner. We start from the left side with V;, then we compute the first intermediate constant state V, situated just after the
1 — w. Then we check if the wave we have produced corresponds to the pattern of the configuration we are supposed to re-
spect. If the wave is wrong (for example V, is supersonic whereas configuration C requires a subsonic state), we stop the
procedure and no solution is available for such a configuration. If the 1 — w wave is admissible, we continue with the second
wave and so on.

6.2.1. Configurations A,B,C,D

We only detail the algorithm for the configuration C = {1 —w,2 —w,0 —w,3 — w}, the other cases are similar. We
shall employ the notations introduced in Fig. 2. Let V, be the left state and (Pi, p,,Ps,¢5) the set of intermediate
values.

- If P, < P, we have a shock of velocity ¢; otherwise we have a rarefaction. We then compute the new state V,. In case
of a shock, we have to check that o; < 0 whereas in case of a rarefaction we have to check that u, — ¢, < 0. If the con-
dition is not satisfied, the C configuration is not available and we stop the algorithm.

- Furthermore the velocity u, has to be positive. Indeed, the velocity sign does not change across the interface x = 0 and
the configuration C stipulates that 1, > 0. If u, < 0 then the C configuration is not available.

- Using ¢, we compute the intermediate state V, where we choose the subsonic solution using a Newton algorithm to
solve Eq. (34). If there is no solution, the configuration C is not available.

- We compute the state V. after the contact discontinuity prescribing the density p,.

- If P; < P. we have a shock of velocity o; whereas we have a rarefaction if P; > P.. We compute the state V, using the
parameterization. In case of a shock, one has to check that a3 > u,.

The state V, corresponds to the right state V; we shall use in the simulations.

6.2.2. Configurations LR; and LR;

The configurations LR are a little bit more complex. We only deal with the LR; case since the LR; configuration is com-
puted in the similar manner. We have to construct a rarefaction which joins the left state V, to the sonic point. We shall
employ the notations introduced in Fig. 6. The algorithm is the following.

- We first check that ¢, < ¢y and that u; — ¢; < 0. If one of these conditions is not satisfied, configuration LR; is not
available.

- We compute the sonic state V, using the 1 — r rarefaction such that u; = c,.

- We compute the state V, solving relation (34). We take the solution p,,, corresponding to the supersonic state.

- If P, < P, we have a rarefaction while we have a shock of velocity g, if P; > P, and we compute an intermediate super-
sonic state V, with pressure P;. In case of a shock, we have to check that ¢; > 0. If g; < 0 the LR; configuration is not
available.

- We compute the state V,, using the contact discontinuity where we prescribe the density p,.

- We compute the state V. using the prescribed pressure Ps. In case of a shock, we have to check that a3 > u,.

The state V. corresponds to the right state Vi we shall use in the simulations.
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6.2.3. Configurations RR; and RR;
The configurations RR are more complex than configurations LR because we have to guess the intermediate subsonic state
V, on the left of the interface such that V, is exactly a sonic state.

6.2.3.1. Computation of the V, and V, states. A Lagrange-like iterative procedure has to be employed to compute the interme-
diate subsonic state V. To this end we introduce the intermediate pressure P, and denote by V, the corresponding state ob-
tained with a 1 — r rarefaction if P, < P; or a 1 — s shock if P, > P;. For such a V|, we compute the associated V, on the other
side of the interface corresponding to the right porosity ¢, where we solve Eq. (34) taking the subsonic solution p, = p,,,. We
then consider the function

Plﬂf(l)l) =Cr — Uy.

If one has f(P;) = 0, the V, state is sonic and we obtain an admissible state V,. To compute P, we adapt the Lagrange algorithm
to function f. We take P, and P, as initial guess to perform the computation. If the algorithm converges we obtain an approx-
imation of V, and V,.

6.2.3.2. Computation of the other states. Once we have P,, we check that P; < P, since we must have a rarefaction and we
compute the intermediate state V,. If P; > P, configuration RR; is not available. The next operations are the following.

- We compute the state V, after the contact discontinuity prescribing the density p,.
- If P; < P, we have a shock of velocity a3 whereas we have a rarefaction if P; > P,. We compute the state V, using the
parametrization. In case of a shock, one has to check that o3 > u.

The state V. corresponds to the right state Vi we shall use in the simulations.

6.2.4. Configurations R; and R3

We now deal with the resonant configurations. We first consider the simpler cases when a k — s shock splits the 0 — w
wave. We shall employ the notations introduced in Fig. 8. The main difficulty is to determine the intermediate porosity such
that we have a stationary shock between V5 and V,;. We only treat the case R; but the R; configuration is similar.

6.2.4.1. Computation of ¢, and the V, state. First of all, if state V, is not supersonic then configuration R; is not available. Now,
for a given ¢, we compute the supersonic state V,; linking V;, when the porosity changes from ¢, to ¢, solving Eq. (37). With
Vs in hand, we compute V,; using the stationary 1 — s shock parameterization:

(PSJ* S-l)(psrfpsl)
Usr = Ug — - - = M= s st = PsrUsr
: \/ ps,rps,l " ! Psrtls

After some algebric manipulation we get

1 1\
M (E_E) = Ps,r_Ps.l~

On the other hand, we have the relation

o, = P(y =1 +Ps,(y+1)
s SJPs,I(V"‘ 1) +Ps,(y—1)’

and combining the two equations, we obtain
e y-1,
G+Dpy y+1 "

P, = (40)
We then deduce p,, and u;,, hence the state V,. We compute the density p, taking the subsonic solution of Eq. (38). We then
deduce the state V,. The intermediate porosity has to be fixed such that P, = P; where P; is the prescribed pressure. To this
end, we introduce the function

¢ —f(¢) =P =Py,

and we seek ¢, such that f(¢,) = 0. We use a Lagrange method where we initialise the algorithm with ¢ = ¢, and ¢ = ¢;.

6.2.4.2. Computation of the other states. Assume that state V, is well-calculated, we compute the state V, after the 2 — w con-
tact discontinuity using the p, density. We finally determine state V using the pressure Ps. If P; > P, we have a rarefaction
while we have a shock if P; < P,. In this last case, we have to check that g3 > u, to obtain an admissible R; configuration.

6.2.5. Configurations LRR; and LRR;
We now deal with the LRR configuration (¢, < ¢) where a k — w wave is splitted into a rarefaction on the left side of the
interface and a stationary shock. We shall employ the notations introduced in Fig. 9. First of all, the V| state has to be sub-
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sonic since we have a 1 — r rarefaction in the half-plane 7. From V,, we compute the sonic state V, linked to V,; by the 1 —r
rarefaction such that u; = ¢;. We proceed computing the stationary shock.

6.2.5.1. Computation of ¢, and the V, state. Note that state V, is sonic and we have to compute a supersonic V;, state and a
subsonic V, state. To this end, for a given ¢, we compute the supersonic state V linking V; when the porosity changes from
¢, to ¢ solving Eq. (37). With V in hand, we compute V., using relation (40). We then deduce p,, and us,, hence the state
V. Finally we compute V, solving Eq. (38) when the porosity changes from ¢, to ¢;. The intermediate porosity has to be
fixed such that P, = P; where P; is the prescribed pressure. To this end, we introduce the function

¢ — f(d) =Pr =Py,

and we seek ¢, such that f(¢,) = 0. We use a Lagrange method where we initalise the algorithm with ¢ = ¢, and ¢ = ¢.

6.2.5.2. Computation of the other states. We compute the state V, after the 2 — w contact discontinuity using the p, density.
We finally determine state Vi using the pressure Ps. If P; > P,, we have a rarefaction while we have a shock if P; < P,. In the
last case, we have to check that o5 > u, to obtain an admissible LRR; configuration.

6.2.6. Configurations RRR; and RRR;

We treat the RRR configuration (¢, > ¢x) where a k — w wave is splitted into a rarefaction on the right side of the interface
and a stationary shock. We shall employ the notations introduced in Fig. 10. The configuration is more complex to solve than
the LRR configuration since we have to compute ¢, such that V. is a sonic state.

6.2.6.1. Computation of ¢, and the V, state. To obtain such a ¢, we proceed as follows. Let ¢, € [¢;, ¢g], we link the state
V| = V| to the state V,; solving Eq. (37) when the porosity changes from ¢, to ¢, where we choose the supersonic solution.
We then compute the V, subsonic state using relation (40) of the 1 — s stationary shock. Finally we determine with Eq. (35)
the porosity ¢,,;,, such that we obtain a sonic state V.. The point is that V, should be sonic with ¢,,,, = ¢r S0 we consider the
function

b5 *’f(¢s) = Gmin — Pr;

and we seek ¢, such that f(¢;) = 0. We use a Lagrange algorithm where we initialise the algorithm with ¢ = ¢; and ¢ = ¢.
Assume that we have determined ¢, and V,, then we check that P, < P; such that we can construct a rarefaction.

6.2.6.2. Computation of the other states. We compute the state V, after the 2 — w contact discontinuity using the p, density.
We finally determine state V using the pressure Ps. If P; > P,, we have a rarefaction while we have a shock if P; < P,. In this
last case, we have to check that o3 > u, to obtain an admissible RRR; configuration.

7. Numerical results

Numerical investigations have been carried out to test the numerical scheme based on the Rusanov flux and the noncon-
servative flux given in Section 3. Two sets of tests are proposed: the first set of tests aims to check the ability of the numerical
method to solve the Riemann problem for several characteristics situations (rarefaction and resonant configurations) while a
second set of tests is dedicated to the comparison between the first- and second-order schemes with a regular porosity func-
tion to check the performance of the decomposition into nonconservative flux and source term. Computations are performed
using the OFELI library of Touzani [34] to handle the mesh.

7.1. New Sod tests

We consider a Sod tube on domain [0,2] where the initial condition discontinuity is located at point x = 0.8. All the sim-
ulations have been performed using a uniform subdivision of 800 elements and we adapt the time step to guarantee the
scheme stability using the CFL condition deriving from the conservative part of the flux:

Ax

At 5. 41
2max(|ul +¢i) (41)

First-order schemes are stable if the CFL condition is respected but we have to cut by two (and sometimes by three) the
time step to carry out simulations with the second-order scheme to preserve stability. Shocks are less diffused with the high-
er-order method leading to larger jumps across the interface. We suspect that the explicit nonconservative numerical flux
requires smaller time step to overcome the larger variations of pressure and density when we employ second-order scheme.

We face to an important number of configurations and we have selected a representative set of situations we shall com-
pare to the exact solution obtained with the inverse Riemann problem. Configurations A,B,C and D are the simpler cases
where the four waves are clearly isolated. Such a situation have been yet studied [3] and we only present the comparison
between the numerical solution and the exact solution with the configuration C. The main point is to check that the contact
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discontinuity consecutive to porosity jump is well-calculated. We then proceed with the LR and RR configurations when the
1 — w is splitted into a rarefaction reaching the sonic point on one side and a second contribution of the 1 — w wave on the
other side. We consider the two configurations whether ¢, < ¢ or ¢, > ¢ and for each case, two simulations have been
carried out where the second part of the 1 — w wave is a rarefaction or a shock. We finally deal with the resonant configu-
ration where a 1 — s stationary shock splits the 0 — w contact discontinuity. We have first considered the R; situation where
the 1 — w is reduced to the 1 — s stationary shock. We then proceed with more complex configurations like LRR; and RRR;.
Numerical simulations have been carried out with ¢; < ¢ to obtain a left rarefaction reaching the sonic pointanda 1 —s
stationary shock sharing the 0 — w discontinuity at an intermediate porosity ¢, € [¢;, ¢z]. A similar configuration has been
studied when ¢; > ¢;.

7.1.1. Configuration C

Comments. Table 1 gives the states obtained with the inverse Riemann problem while Fig. 11 shows the comparison be-
tween the exact solution and the numerical approximations for the C configuration. Viscosity effects of the Rusanov flux are
strongly reduced by the MUSCL procedure and we obtain an accurate approximation of the solution. In particularly, we note
that the 0 — w contact discontinuity situated at x = 0.8 is correctly resolved.

7.1.2. Configuration LR; with a rarefaction for the second part of the wave

Comments. Table 2 gives the states obtained with the inverse Riemann problem while Fig. 12 shows the comparison be-
tween the exact solution and the numerical approximations for the LR1 configuration. We note that the constant state sit-
uated just after the contact discontinuity is not well-approximated whereas all the other states are well-evaluated. Our point

Table 1
Configuration of type C = {1 —r,0 —w,2 —w,3 —s}.
¢ p (kg m—3) u(ms) P (Pa) Mach
Vi 0.9 3.6 100 300,000 0.29277
Vi 0.